We construct the relativistic chiral Lagrangians with decuplet baryons up to the order O(p 4 ) (one loop). For the meson-decuplet-decuplet couplings, there are 1, 13, 55, and 548 terms in the O(p 1 )-O(p 4 ) order Lagrangians, respectively. For the meson-octet-decuplet Lagrangians, the number of independent terms from O(p 1 ) to O(p 4 ) are 1, 5, 67, and 611, respectively. For convenience of applications, the π∆∆ and πN ∆ chiral Lagrangians are picked out. This new form of ∆ Lagrangians is equivalent to the original isovector-isospinor one and we establish relations between these two forms.
I. INTRODUCTION
Chiral perturbation theory (ChPT) is a useful tool to describe low-energy strong interactions of mesons [1] [2] [3] and baryons [4] . This effective theory is based on the chiral symmetry of QCD and its spontaneous breaking. The interaction terms and various physical quantities in this theory are organized perturbatively by chiral dimension, the order of p/Λ χ where p represents the typical scale of momentum and Λ χ is the scale of chiral symmetry breaking. Theoretically, the higher chiral dimension terms are considered, the higher precisions of results would be obtained. At present, the chiral Lagrangians containing the pseudoscalar mesons [2, 3, [5] [6] [7] [8] [9] [10] [11] [12] and the ground state baryons [4, [13] [14] [15] [16] [17] [18] [19] [20] (both SU (2) and SU(3)) have been already constructed to the sixth and forth order, respectively. Recently, the chiral Lagrangians with ∆(1232) are also considered up to the forth chiral order [21, 22] . For the purpose of applications, the current existent chiral Lagrangians are precise enough for theoretical studies on low energy interactions. However, the above investigations missed a kind of particles, the spin-3/2 hyperons.
In reality, a lot of low-energy QCD problems are related to the chiral Lagrangians with decuplet states which are degenerate with the octet baryons in the large N c limit. Such problems include: the masses of the octet/decuplet baryons and the mass relations between octet/decuplet baryons [23] [24] [25] [26] , the electromagnetic structures of octet and decuplet baryons (magnetic moments, electric quadrupole moments, and electromagnetic form factors) [27] [28] [29] [30] , the meson-octet/decuplet scattering processes [31, 32] , the transitions from decuplet states to octet states [33, 34] , lattice studies of baryon properties [35] [36] [37] , and so on. Especially, the studies of the transitions between decuplet and octet baryons can shed light on the possible dibaryons [38] . The lowest order chiral Lagrangian with decuplet states is obtained easily [39] , but we find only fragmentary results for high order terms in the literature (see the references mentioned above). Such Lagrangians are constructed just for special problems one focuses on. A complete and minimal set of Lagrangians with decuplet baryons is still needed. One purpose of this paper is to construct the chiral Lagrangians with the decuplet baryons to one loop (the 4th chiral order) systematically.
In the SU(2) case, we have obtained the chiral Lagrangians with ∆ up to the order O(p 4 ) [22] , where we use the isovector-isospinor representation [40] in the isospin space for the Rarita-Schwinger (RS) fields. The application of such Lagrangians is not so convenient in some cases. On the other hand, in the SU(3) case, the decuplet baryons are represented in the flavour space as a totally symmetric tensor T abc . Since the ∆ baryons are members of the decuplet representation, the Lagrangians with ∆ can also be expressed with the symmetric tensor. However, it is apparently not straightforward to make a relation between these two formalisms. Another purpose of the present study is to give new chiral Lagrangians with ∆ in the form of T abc (a, b, c = 1, 2) and establish the relations to the former formalism.
This paper is organized as follows. In Sec. II, we review the building blocks for the construction of the chiral Lagrangians with the mesons, the external sources, and a part of building blocks with baryon fields. In Sec. III, we present the structures of the chiral Lagrangians and give a full building blocks with baryon fields. In Sec. IV, the properties of the building blocks, the linear relations of invariant monomials, and the relations between the original chiral Lagrangians with ∆ and the new forms are given. In Sec. V, we list our results and present some discussions. Section VI is a short summary.
II. BUILDING BLOCKS IN CONSTRUCTING CHIRAL LAGRANGIANS
Generally speaking, the constructed Lagrangians in ChPT involve the pseudoscalar mesons, the external sources, the decuplet baryons, and the octet baryons. In this section, we present appropriate building blocks in constructing the chiral Lagrangians. More detailed discussions about them can be found in Refs. [2-6, 9, 10, 12, 17, 18, 20-22] . For the spin-3/2 baryon states, we consider both SU (3) and SU (2) cases. For convenience, we simply call the form of chiral Lagrangians with ∆ in Ref. [22] "original" and that in this paper "new". Needless to say, the new form SU (2) Lagrangians are just selected terms of the SU (3) Lagrangians with decuplet baryons. Hence, in the following parts, we treat them in the same way.
A. Building blocks of the mesons and the external sources
The QCD Lagrangian L can be written as
where L 0 QCD is the original QCD Lagrangian and q denotes the quark field. We use s, p, v µ , and a µ to denote scalar, pseudoscalar, vector, and axial-vector external sources, respectively. Conventionally, the tensor source and the θ term are ignored. As usual, we consider that only a µ is traceless in the two-flavour case, but both a µ and v µ are traceless in the three-flavour case.
In ChPT, the pseudoscalar mesons (Goldstone bosons) come from the spontaneous breaking of the global symmetry
The resulting meson fields are collected in u and it transforms as
under the chiral rotation, where g L and g R represent elements in SU (N f ) L and SU (N f ) R , respectively, and h is a compensator field which is a function of the pion fields.
To construct the chirally invariant Lagrangians involving only meson fields and external sources, the building blocks are usually chosen as
where
, and B 0 is a constant related to the quark condensate. The form of these building blocks, however, is not very useful in the construction of chiral Lagrangians with decuplet baryons. For convenience, we write the flavour indices of these building blocks (or any other matrices in the flavour space) explicitly,
where X denotes any building block in Eq. (3) (or any matrix in the flavour space), X a b (X s ) is the traceless (traceable) part of X, I is the N f × N f identity matrix in the N f -flavour space, and · · · means the trace in the flavour space. We use a and b (a, b = 1, 2, 3) to denote the row index and column index of the matrix X, respectively. In the following, we will treat the row index (or the first index) of X a b as the subscript and the column index (or the second index) as the superscript. According to these notations, we have u 
Here h a a ′ does not need to be traceless as the definition of X a b in Eq. (4). The row index of X a b is related to the h field, but the column index is related to the h † field.
The covariant derivative ∇ µ acting on the building blocks in Eq. (5) are
In constructing the Lagrangian, the following two relations will be useful
B. Building blocks of baryons
Besides the meson fields and external fields, we also need baryons belonging to SU (3) 8 and 10 representations. The octet baryons are represented by a matrix B a b ,
In the two-flavour case, it is reduced to the nucleon doublet,
One may also use the symbol B a 3 (a = 1, 2) to denote this nucleon doublet. For the decuplet baryons, they are denoted by a totally symmetrical tensor T abc with
In the SU (2) case, only the first four fields are needed. The chiral transformations for these baryon fields are
From the transformations, the indices of ψ a and T abc (ψ a andT abc ) can be treated as row (column) indices and those of B a b andB a b are self-evident. From Eqs. (5) and (12), we can see that if a term is chirally invariant, all the row indices must be contracted with the column indices and vice versa. This is the reason why we write the row and column indices explicitly.
The covariant derivative D µ acting on the baryon fields are [15, 18, 27 ]
It seems that, in the three (two)-flavour case, we can choose
, and their covariant derivatives as building blocks. But it is a bit more complex for the spin-3/2 RS fields, we will discuss this issue in the next section.
III. STRUCTURES OF CHIRAL LAGRANGIANS WITH DECUPLET BARYONS
A similar discussion in this section has been presented in Ref. [22] . Here we only list the necessary ingredients for the Lagrangian construction. More details can be found in Refs. [17] [18] [19] [20] [21] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] .
In this paper, we adopt the vector-spinor representation Ψ µ (µ = 0, 1, 2, 3) [41] for the spin-3/2 fields. The general Lagrangian for a free RS field with mass m reads [42] 
where A = −1/2 is an arbitrary real number. From this Lagrangian, one derives the equation of motion (EOM) and two subsidiary conditions
The two unphysical spin-1 2 degrees of freedom in the vector-spinor representation can be eliminated with these two subsidiary conditions.
There exists a so-called "point" or "contact" transformation under which the above Lagrangian is invariant,
The choice for the value of A does not affect physical quantities [50, 55, 57] . Therefore, one may simplify the above Lagrangian by a field redefinition [48] 
µν is independent of A and the A dependence is implied in ψ µ A . For the meson-decuplet-decuplet (MTT) interactions, the chiral Lagrangian has the form
where m T is the decuplet mass in the SU (3) limit and O def,µν 1,A,abc contains the meson fields and the external sources. Then the EOM and the subsidiary conditions in ChPT are
where the symbol " . =" means that both sides are equal if high order terms are ignored. We may write the structure of any term in O (18) and (20)). Then the Lagrangian (22) can be rewritten as
where T The new form π∆∆ Lagrangians are very similar to the MTT Lagrangians. The differences lie only in the baryon mass and the flavour indices. By changing m T to m ∆ (∆ mass in the chiral limit) and limiting all the flavour indices to 1 and 2, the new form of π∆∆ Lagrangians is obtained.
For the meson-octet-decuplet and πN ∆ interactions, the chiral Lagrangians have the following structures, respectively, 
Some z n parameters are needed because of the point transformation [58] . They can be obtained from experiments. In Eqs. (28) and (29), the point-invariant structures have been implied and the LECs are already independent of A.
To construct Lagrangians, for the baryon fields, we choose T 
IV. PREPARATIONS FOR LAGRANGIAN CONSTRUCTION
In this section, we make preparations for the construction of chiral Lagrangians with decuplet baryons. The new form of chiral Lagrangians with ∆ is understood. The recipes are very similar to those in constructing Lagrangians for mesons, meson-baryon systems, and the π-N -∆ systems in Refs. [12, 20, 22] .
A. Power counting and transformation properties
The chiral dimensions [2-4, 6, 17, 18] of the building blocks with the external sources are listed in the second column of Table I and those of the Clifford algebra and the Levi-Civita tensors are given in the second column of Table II [ 17, 18, 56] . The baryon fields are chiral dimensionless and the information is not shown in these tables. The covariant derivatives acting on the meson fields and the external sources are counted as O(p 1 ), but those acting on the baryon fields are counted as O(p 0 ). The chiral Lagrangian should be invariant under the chiral rotation (R), parity transformation (P ), charge conjugation transformation (C), and Hermitian transformation (h.c.). The chiral rotations for the building blocks have been discussed in Eqs. (5) and (12) . The P , C, and h.c. transformations are almost the same as those in Ref. [22] and we also present such properties in Tables I and II. Only different properties will be mentioned.
Compared with Table I of Ref. [22] , Table I here shows the flavour indices explicitly. The meanings of plus and minus signs in Table II are the same as those in Refs. [17, 20, 22] . One thing different is the ǫ ijk . This symbol in Ref. [22] is in the isovector space and it absorbs a minus sign in C transformations (Eq. (31) of Ref. [22] ). But now ǫ abc and ǫ ab are the Levi-Civita tensors in the three (two)-flavour space. They do not need to absorb an extra minus sign. 
B. Linear relations
Some linear relations exist in reducing the chiral-invariant terms to a minimal set. The relations coming from partial integration, EOM, covariant derivatives, and Bianchi identity are the same as those in Ref. [22] . The relations coming from the Cayley-Hamilton relation are the same as those in Ref. [6] . We will not discuss them any more and we only focus on the different and new relations in the following parts.
Schouten identity
The Schouten identity in the Lorentz space is the same as that in Ref. [22] , but some differences exist in the flavour space. For the Levi-Civita tensor ǫ abc (ǫ ab ) in the three (two)-flavour space, the Schouten identities for any operator
There are two types of indices in A (row or column). Eq. (32) works only for the case that the indices in the Levi-Civita tensor and the indices in A are the same type.
Fierz transformations
The basic Fierz transformation for the Pauli matrices is
With this equation, for any two 2 × 2 building blocks X a b and Y a b in Table I , one may obtain [59]
The basic Fierz transformation for the Gall-Mann matrices is
With the relation in Ref. [60] and the properties of the structure constants of SU (3), one finds that the following relation exists for any two 3 × 3 building blocks X a b and Y a b in Table I ,
Contact terms
The method to construct contact terms is the same as that in Ref. [22] . In the two (three)-flavour case, the total number of the contact terms is six (five) and we list them in the end of Table V. The last term in Table V is at the O(p 6 ) order in the SU (3) case.
C. Relations between the original chiral Lagrangians with ∆ and the new ones
In Ref. [22] , we have obtained the chiral Lagrangians with ∆ to one loop. There, the ∆ fields are represented by an isovector-isospinor RS field ψ µ i (i = 1, 2, 3). Now, we use a totally symmetrical tensor T µ abc (a, b, c = 1, 2) to represent them. The difference lies only in the flavour representations. By some calculations, one gets the following relations between these two formalisms of interaction terms,
where P (X, Y, Z) means all permutations for the symbols X, Y , and Z. O, O i , X i , Y i and Z i are building blocks in Ref. [22] or their products. The definitions of the symbols in the right-hand side can be found in Ref. [22] .
Alternatively, we may transform the original formalism to the new one. To do that, we define transition isospin I
The matrix forms of I j and the values of W i abc are easy to obtain from the definitions. We have two relations in connecting the original π∆∆ Lagrangians with the new ones,
For the special case j = i, one has
To connect the original πN ∆ Lagrangians with the new ones, we may use
Note (
Substituting these six equations into the right-hand sides of Eqs. (37)- (44), one may prove the equivalence of the two sets of relations by using the formula
V. RESULTS AND DISCUSSIONS
Following the same steps from Sec. IV C to Sec. IV E in Ref. [22] , we obtain the chiral Lagrangians with decuplet baryons up to the order O(p 4 ) and list them below.
In the three-flavour case, the lowest order meson-decuplet-decuplet chiral Lagrangian is
is the low-energy constant at this order and the ellipsis represents the terms coming from the first part in Eq. (22) . The lowest order meson-octet-decuplet chiral Lagrangian reads
In the two-flavour case, the lowest order π∆∆ chiral Lagrangian has the same form as Eq. (51),
The difference lies only in the allowed numbers for the indices a, b, c, and d. Similarly, the lowest order πN ∆ chiral Lagrangian can be written as
We have confirmed the previous results in Ref. [22] with the newly constructed Lagrangians. With the relations in the last section, we get the relations between these two kinds of LECs, e
where the operators O (N f =3,2) n are listed in Table III . The meson-octet-decuplet chiral Lagrangian at this order is
This result is consistent with that in Ref. [34] . [22] . 
The new form of the π∆∆ chiral Lagrangian at the O(p 2 ) order is
where the operators O (N f =2,2) n can also be found in Table III . The new form πN ∆ chiral Lagrangian reads
This result is consistent with the Lagrangian in Ref. [22] . We present the relations between these two kinds of π∆∆ LECs in the last column of Table III . The obtained relations for the πN ∆ LECs are
3 . 
where m = 3 or 4 denotes the chiral dimension, C
n , e Table IV . There are 55 (38) independent terms in the SU (3) (SU (2)) case. The meson-octet-decuplet (πN ∆) Lagrangians are given in Table VI . There are 67 (33) independent terms in the SU (3) (SU (2)) case. At the O(p 4 ) order, the meson-decuplet-decuplet (π∆∆) Lagrangians are presented in Table V . There are 548 (318) independent terms in the SU (3) (SU (2)) case. The mesonoctet-decuplet (πN ∆) Lagrangians are listed in Table VII . There are 611 (218) independent terms in the SU (3) (SU (2)) case. Note that the z n parameters should be different for the meson-octet-decuplet and πN ∆ Lagrangians at the different orders, but we do not distinguish them explicitly in the results.
To merge the meson-octet-decuplet and the πN ∆ results, similar to those for the meson-decuplet-decuplet and π∆∆, we write them in a unified form. We have changed the SU (2) results with ǫ abψc → ǫ dabB d
c by setting d = 3 but a, b, c = 1, 2 as before. Now, one can get the SU (2) results from corresponding terms in Table VI and Table VII with
Because the number of LECs in O(p 3 ) and O(p 4 ) Lagrangians is large and only several LECs will be involved in a study, we here do not give the LEC relations between the new and original results at high orders. Each form of Lagrangians can be chosen to study low-energy processes. One may use relations in Sec. IV C to determine LECs from another form terms, if necessary.
From the results, one can see that not only the total number of terms but also the number in each type of external sources in the chiral Lagrangians with ∆ are the same as those in Ref. [22] . The equality in number is a strict condition for consistency of Lagrangians in different forms. The violation of this condition means that the number of terms in either or both forms is not minimal. This check confirms our previous results.
VI. SUMMARY
In this paper, we construct the relativistic chiral Lagrangians with decuplet baryons and give a new form of the chiral Lagrangians with ∆(1232) to one loop. These chiral Lagrangians are for the meson-decuplet-decuplet, mesonoctet-decuplet, π∆∆, and πN ∆ interactions. The correspondence between the π∆∆ and πN ∆ chiral Lagrangians in Ref. [22] and those in the present form can be obtained with the relations we get in Sec. IV C. 
